W-Extended Fusion Algebra of Critical Percolation 



J0rgen Rasmussen and Paul A. Pearce 

Department of Mathematics and Statistics, University of Melbourne 
Parkville, Victoria 3010, Australia 

J . RasmussenOms . unimelb . edu . au P . PearceSms . unimelb . edu . au 

o 
o 

^ I Abstract 

Qh| Two-dimensional critical percolation is the member CM.{2^2>) of the infinite series of Yang-Baxter 
■ integrable logarithmic minimal models CAi{p,p'). We consider the continuum scaling limit of this 
OO ■ lattice model as a 'rational' logarithmic conformal field theory with extended W = W2 3 symmetry and 
use a lattice approach on a strip to study the fundamental fusion rules in this extended picture. We 
find that the representation content of the ensuing closed fusion algebra contains 26 W-indecomposable 
representations with 8 rank-1 representations, 14 rank-2 representations and 4 rank-3 representations. 
, We identify these representations with suitable limits of Yang-Baxter integrable boundary conditions 
g_) ' on the lattice and obtain their associated W-extended characters. The latter decompose as finite non- 
negative sums of W- irreducible characters of which 13 are required. Implementation of fusion on the 
lattice allows us to read off the fusion rules governing the fusion algebra of the 26 representations and 
^ _ to construct an explicit Cayley table. The closure of these representations among themselves under 
ly-^ ■ fusion is remarkable confirmation of the proposed extended symmetry. 

cn ■ 
m 

: 1 Introduction 

^' 

O I The study of percolation [H [21 O S] as a lattice model has a long history O El [?]• In this paper, it 
is convenient to regard two-dimensional critical percolation as the member CM{2,3) of the infinite 
series of Yang-Baxter integrable logarithmic minimal models CA4{p,p') [8]. It is a well-established 
principle that two-dimensional lattice systems in general [9] and percolation in particular pUT, 11] are 
^ ' conformally invariant in the continuum scaling limit. Our lattice approach to studying these conformal 
^ . field theories is predicated on the supposition that, in the continuum scaling limit, a transfer matrix 
with prescribed boundary conditions gives rise to a representation of the Virasoro algebra. Different 
boundary conditions naturally lead to different representations which can be of different types — 
reducible or irreducible, decomposable or indecomposable. We further assume that, if in addition, 
the boundary conditions respect the symmetry of a larger conformal algebra W, then the continuum 
scaling limit of the transfer matrix will yield a representation of the extended algebra W. 

Notwithstanding the fact that critical percolation is one of the very few systems which has been 
rigorously shown [12j to be conformally invariant in the continuum scaling limit, the study of critical 
percolation as a Conformal Field Theory (CFT) is not so well advanced. In large part, this is because 
critical percolation [111 [Ml [El [TBI iTl UHl [E] , hke critical dense polymers CM{1, 2) [20l [211 [22l [23l [24] 
or symplectic fermions [25' '26], is a prototypical logarithmic CFT. The properties [271 [28l [29] of loga- 
rithmic CFTs differ dramatically from the familiar properties of rational CFTs. In particular, they are 
non-rational and non-unitary with a countably infinite number of scaling fields. Unlike rational CFTs, 
whose field or representation content consists entirely of irreducible Virasoro representations, loga- 
rithmic CFTs admit reducible yet indecomposable representations [30] of the Virasoro algebra. These 
representations, some of which are accompanied by non-trivial Jordan-cell structures for the Virasoro 
dilatation generator Lq, play an essential role and are in fact characteristic of logarithmic CFTs. 
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Recently, Virasoro fusion rules have been proposed [3T1 [32l [331 EH EH] for all the augmented min- 
imal or logarithmic minimal models CA4{p,p'). Interestingly, it was found that only indecomposable 
representations of rank 1, 2 or 3 appear corresponding to Jordan cells of dimension 1, 2 or 3 respec- 
tively. However, a central question of much current interest [Ml 1371 [381 EH] is whether an extended 
symmetry algebra W exists for these logarithmic theories. Such a symmetry should allow the count- 
ably infinite number of Virasoro representations to be reorganized into a finite number of extended 
W-representations which close under fusion. In the case of the logarithmic minimal models CA4{l,p), 
the existence of such an extended W-symmetry and the associated fusion rules are by now well estab- 
lished [37[ I40[ [^T \ I42[ [^3l I44j . By stark contrast, although there are strong indications [45[I46| that there 
exists a Wp^p' symmetry algebra for general augmented minimal models, very little is known about the 
W-extended fusion rules for the CA4{p,p') models with p>2. 

In this paper, we use a lattice approach on a strip, generalizing the approach of [H], to obtain 
fusion rules of critical percolation C^A{2,2>) in the extended symmetry picture. In [31], it was shown 
that in fact symplectic fermions is just critical dense polymers CM(\, 2) viewed in the extended picture. 
Likewise in the case of critical percolation, the extended picture is described by the same lattice model as 
the Virasoro picture. We nevertheless find it useful to distinguish between the two pictures by denoting 
the extended picture W£A^(2, 3) and thus reserve the notation CM{2^ 3) for critical percolation in the 
non-extended Virasoro picture. A similar distinction applies to the entire infinite series of logarithmic 
minimal models. We intend to discuss these W-extended models, which we denote by W£Al(p,p'), 
elsewhere. The W-extended fusion rules we obtain for critical percolation are based on the fundamental 
fusion algebra in the Virasoro picture [34[ [35] which is a subset of the full fusion algebra. The latter 
remains to be determined and may eventually yield a larger W-extended fusion algebra than the one 
presented here. 

The layout of this paper is as follows. In Section 2, we review the Virasoro fusion rules for 
critical percolation [34j. In Section 3, we summarize the W-representation content consisting of 26 W- 
indecomposable representations with 8 rank-1 representations, 14 rank-2 representations and 4 rank-3 
representations and present their associated extended characters. The latter decompose as finite non- 
negative sums of W-irreducible characters of which 13 are required. These are all identified. Lastly, in 
this section, we present the explicit Cayley table of the fundamental W-extended fusion rules obtained 
by implementing fusion on the lattice. In Section 4, we identify the W-extended representations with 
suitable limits of Yang-Baxter integrable boundary conditions on the lattice and give details of their 
construction and properties. We conclude with a short discussion. Throughout, we use the notation 
'Ln,m = Z n [n, m], with n,m £ Z, to denote the set of integers from n to m, both included, and denote 
an n-fold fusion of the representation A with itself by 

A^"" = A^A^ ...0A (1.1) 

^ V ' 

n 



2 Critical Percolation (2, 3) 
2.1 Logarithmic minimal model CAi{p,p') 

A logarithmic minimal model CA4{p,p') is defined [S] for every coprime pair of positive integers p < p'. 
The model CM.{p^p') has central charge 

c=l-6^^^ (2.1) 
pp' 

and conformal weights 

A.. = {rp'-spf-{p'-pf ^ ^^^^^ 
App' 
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The fundamental fusion algebra (|(2, 1), (1, 2)^ , [341 135j of the logarithmic minimal model CAi{p,p') 
is generated by the two fundamental Kac representations (2,1) and (1,2) and contains a countably 
infinite number of inequivalent, indecomposable representations of rank 1, 2 or 3. For r, s G N, the 
character of the Kac representation (r, s) is 

T]{q) r]{q) 
where the Dedekind eta function is given by 

oo 

r,{q) = (2.4) 

n=l 

Such a representation is of rank 1 and is irreducible if r € Zi^p and s G p'N or if r G pN and s G . 
It is a reducible yet indecomposable representation if r G I^i^p-i and s G while it is a fully 

reducible representation if r G pN and s G p'N where 

k+k'-l k+k'-l 

ikp,k'p') = ik'p,kp') = {jp,p') = {p,jp') (2.5) 

j = |fe-fc'| + l, by 2 j = |fc-fc'| + l, by 2 

These are the only Kac representations appearing in the fundamental fusion algebra. The characters 
of the reducible yet indecomposable Kac representations just mentioned can be written as sums of two 
irreducible Virasoro characters 

Xr,siq) = chr.,s(g) + Ch2p-r,s(g) = chr^siq) + chr^2p' -siq) , r G Zi,p_i, S G Ziy„i (2.6) 
In general and with tq G Zip_i, sq G Zip/„i and /c G N — 1, the irreducible Virasoro characters read 

m 

chj.Q^fcp^sp (O') ^2pp' ,{ro+kp)p' —sop;k{q) ~ ^2pp' ,{ro+kp)p'+sop;k{Q) 

ch ,(a) - -}—(„(''P+'-ofp'/^P-„ii''+'^yp-'^oW/'lp\ 

^'■'-ro+{k+l)p,p' \'i ) — ^(^^ yd H ) 

ch(.+i)p,.o(g) = JL(,((fc+iy-o)Vv_,((fc+iy+.o)VV) 

ch(.+i)py (g) = 4t (^'''''^' - Q^'-"'^''''^') (2.7) 



where Kn,u;kiQ) is defined as 



Kn,.-M = Jiy E cz^^-^")'/^" (2.8) 

For r G Zi_p, s G Zi^p/, o G Zi^p„i, 6 G Zi^p/_i and G N, the representations denoted by 7^^^^ 

and T^^\pi are indecomposable representations of rank 2, while Tll^pp, = T^p^kp' indecomposable 
representation of rank 3. Their characters read 

^i'K:pJ(l) = (1 ~ h,lSs^p>)chkp-a,s{l) + 2chfcp+a,s(g) + ch(fc+2)p-a,s (?) 

^[^r,fcp'](9) = (l ~ '^fc,l'5r,p)chr,fep/_;,(g) + 2ch,, fcp'+6(9) + ch^,(fc+2)p'-b(9) 

X[^fcpp'](9) = (l-4,l)ch(fc 

+ 4chfcp+a,p'-fe(g) + (2 - Sk,l)c\k+l)p-a,bil) + 2ch(;fc+i)p+a,b(9) 

+ 2ch(fc+2)p-a,p'-6(9) + c\k+3)p-a,b{Q) 

= (1 - Sk,l)cha^(k-l)p'-b{Q) + 2cha,(fc_i)p/+fe(g) + 2(1 - 4,l)chp_a,fcp/_fe(g) 

+ 4chp_„^fcp/+b(g) + (2 - 5fc,i)ch„,(fc+i)p'_6(g) + 2ch„ (^^^^^^(g) 

+ '^Chp-a,{k+2)p'-b(.q) + cK,ik+3)p'~b{q) (2.9) 
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For a E Zo,p-i, b G Zg^p'-i and k,k' G N, a decomposition similar to (j2.5p applies to the higher-rank 
decomposable representations ;-y as we have 

fc+fe'-l fc+A;'-l 

'^kp,k'p' ~ '^k'p,kp' ~ KIP jp,p' ~ \U Pjp' y^^-^^J 

j=|fc~A:'|+l, by 2 j=|fc-fe'|+l, by 2 

Here we have introduced the convenient notation 

= ir,s) (2.11) 

Fusion in the fundamental fusion algebra ((2, 1), (1, 2)) , decomposes into 'horizontal' and 'vertical' 
components. With a G Zo,p_i, b G Zgy-i and A; G N, we thus have 

Kip' = K'Xip' = <i®<' (2-12) 

The Kac representation (1,1) is the identity of the fundamental fusion algebra. For p > 1, this is a 
reducible yet indecomposable representation, while for p = 1, it is an irreducible representation. Below, 
we summarize the fusion rules in the case of critical percolation CA4{2,3). The associated extended 
Kac table is given in Figured! 

2.2 Fundamental fusion algebra of i2A^(2,3) 

The fundamental fusion algebra ((2, 1), (1, 2))^ 3 is generated by the irreducible Kac representation 
(2, 1) and the reducible yet indecomposable Kac representation (1,2) and contains a variety of repre- 
sentations 

((2,1),(1,2)>2_3 = ((l,l),(l,2),(2A:,s),(r,3A;),7^^J°,,7^°i,7^^f'3>2 3 (2.13) 

where r, 6 G 1>i,2, s G Zi^s and G N. The representations (2A;,3) = (2,3/c) are listed twice and it is 

recalled that 7^2/^3 = ^2 3^' ^2fc 3 = ^2 3*; ^^"^ ^2fc 3 = ^2'3fc- already mentioned, the reducible yet 
indecomposable Kac representation (1, 1) is the identity of the fundamental fusion algebra 

(l,l)(g)A = A (2.14) 

where A is any of the representations listed in (I2.13p . Thanks to the decomposition illustrated in 
()2.12p . the fundamental fusion algebra follows from a straightforward merge of the horizontal and 
vertical components. To appreciate this, we follow [34] and let Ar^s = Or,! ® ai^s, Br\s' = &r',i "X" bi^s', 
ar,i br'^i = c.r"^i and ai^s ^i,s' = ©s" ci,s"- Our fusion prescription now yields 

0Cr",i) C5 (0ci,,.) = a",." (2.15) 

g/f ytt gtl 

where Cr",s" = Cr-",i ^ci,s"- In order to describe the component fusion algebras explicitly, we introduce 
the Kronecker delta combinations [51 



^Mk,k'} - 2 - Sj,\k~k'\ - Sj,k+k' 

— '^^j,\k-k'\~l — 2(^j,|fc-fc'| — <5j,|fc-fc'|+l — ^j,k+k'-l — '2Sj,k+k' — 3(5j,fc+fc'+l (2-16) 

where k, k' G N. The horizontal fusion algebra 

<(2,1)>,3 = ((2fc,l),7^^J°l>,3 (2-17) 
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Figure 1: Extended Kac table of critical percolation CA4{2,3) showing the conformal weights A^^s of 
the Kac representations (r, s) where r, s G N. Except for the identifications {2k, 3k') = (2k', 3k), the 
entries relate to distinct Kac representations even if the conformal weights coincide. This is unlike 
the irreducible representations which are uniquely characterized by their conformal weight. The Kac 
representations which happen to be irreducible representations are marked with a red-shaded quadrant 
in the top-right corner. These do not exhaust the distinct values of the conformal weights. For example, 
the irreducible representation with Ai^i = does not arise as a Kac representation. By contrast, the 
Kac table of the associated rational (minimal) model consisting of the shaded 1x2 grid in the lower-left 
corner is trivial and contains only the operator corresponding to the irreducible representation with 
A = 0. 
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then reads 

k+k'-l 

j=\k-k'\+l, by 2 
k+k' 

j=\k-k'\ 
k-\-k' 

,1,0 _ n\ x{2) 



^i^^k',! = © '^Sm'}^! (2.18) 

while the vertical fusion algebra 



;(1,2)>23 = ((l,l),(l,2),(l,3/c),7^;';^„7^;';^,>2 3 (2-19) 



reads 



(1,1)® A = A 
(1,2) C5 (1,2) = (1,1)0(1,3) 
(1,2)®(1,3A;) = 7^?;^fc 

(l,2)®7^°i = 7^°J0 2(1,3A:) 

(l,2)®7e?;^, = 7^?;^,e(l,3(A;-l))e(l,3(/c + l)) 
fc+fc'-l 

(1,3A:)C5 (1,3^0 = (7^;|.©(l,3i)) 

j=|fc-/c'|+l, by 2 

fe+fc'-l fc+fc' 

(1, 3A:) ® n%,, = ( 27e?;y © ( 5fl ,,^{l, 3j) 

j=|fc-fc'|+l, by 2 j = \k-k'\, hy 2 

(1, 3k) 7^?|„ = ( © ( ' ' 2(1, 3j) 

j=\k-k'\,hy2 i = |fc-fc'| + l,by 2 

k-\-k' k-\-k' — 1 

<L^<L'=( © 4L'}<3X © (2<^, ©4(1,3,))) 

j=|A;-A:'|, by 2 j=|A:-A:'|+l, by 2 

^ ^?;L' = ( ' ®" ^Te?;^ © ( sf^,,^ {n1% © 2(1,3,)) ) 

j=\k-k'\-\-l, by 2 j = by 2 

k-\-k' k-\-k' — \ 

'^I'lk <^ -^lisfc' = ( © 4,{fc,fc'}'^i'3i) ® ( © 2^?;3j) 

j=\k-k'\, hy 2 j=|fc-fc'|+l, by 2 

i=|fc-fc'|-l,by2 

where ^ is any of the representations listed in (|2.19p . To illustrate the merge of the two components, 
we conclude this discussion of critical percolation in the Virasoro picture £A^(2,3) by considering the 
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fusion 

^2^3 ® ^2^3 = 1 ® ^?:3) ® ® ^?:3) = 1 ® ^2^',!) ® (^Js ® ^Js) 



k+k' 



= ( © 41.'}<l)^H6®27^;>4(l,3)) 

i=lfe-fe'l 

= ( © © 41.'}(2^a®47^^i^ (2-21) 

j=|ik-jk'|-l j=\k-k'\ 

3 W-Extended Critical Percolation >V>C7W(2,3) 

In this section, we summarize our findings in the extended picture for the representation content, their 
characters and their closed fusion algebra. Unless otherwise specified, we let k, r, 6 G '^1,2, s G Zi^a and 
fc, fe' G N in the following. 

3.1 Summciry of representation content 

We have the 8 W-indecomposable rank-1 representations 

{(2Ac,s)w,(r,3K)vv} subject to (2, 6)^ = (4, 3)v^ (3.1) 

where (2, 3)^ is listed twice, the 14 W-indecomposable rank-2 representations 

{(^KJw,(<i)>v} (3.2) 
and the 4 W-indecomposable rank-3 representations 

'6)wi (^4'3)w} subject to i'R-2fi)w = 

Here we are asserting that these W-representations are indeed W-indecomposable. In terms of Virasoro- 
indecomposable representations, the W-indecomposable rank-1 representations decompose as 

(2k,s)w; = 0(2A;-2 + k)(2(2A;-2 + k),s) 

fcGN 

(r,3K)w = 0(2fc-2 + K)(r,3(2A;-2 + K)) (3.4) 

feeN 

where the two expressions for (2, 3)yy agree and where 

(2,6)^ = (4,3)^ (3.5) 
Likewise, the W-indecomposable rank-2 representations decompose as 

0^2k,s)w = ©(2^!; -2-1- '«)'^2'(2jfc-2+K),s 

km 

(<i)w = ©(2fe-2 + '^)<V2+K) (3.6) 

fceN 

Finally, the W-indecomposable rank-3 representations decompose as 

(^2k,3)w = ©(2^" - 2 + l^)T^l(2k-2+K),3 

feeN 

('^2'3k)w = ©(2^ -2 + «)'^2i3(2fc-2+K) (3-''') 



feeN 



where the two expressions for (7^2'3)w ^gi'se and where 

'2'6)w = 0^4,3JW 



O^ls)^ = O^aI)^ (3-8) 
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3.2 Summary of W-extended characters 

The characters of the W-indecomposable rank-1 representations read 

X2nA(l) = ^C^k -2 + K)dl2^2k-2+K),s{9), XrM^l) = ^i'^^ - 2 + K)c\-i(^2k-2+K)iQ) (3-9) 

km fceN 
where it is recalled that (4, 3)yy = (2,6)yy. The characters of the W-indecomposable rank-2 represen- 
tations read 

Xml'l)^A>]iq) = 5.,i{l-(^s,3}+5]4A:ch4fc+i,.((z) + j;(4A:-2)ch4fc_M(g) 

fceN feGN 

fceN 

+ ^{4k - 4 + 2K)chr,Qk-6+3K+b{q) (3.10) 
fcgN 

We note the character identities 

xml'',U]{q) = x[(7^1;°)w]('z), x[(7^°J)w](g) = x[(7e°J-')H.](g) (3.ii) 

and the character relations 

Xml'^Miq) = l+X[(7^i°M(g), xKK'sUiq) = (3.12) 

and 

XiiKlUiq) + XiiKjj^M = X[(7^^f,l)>v](9)+X[(7^k°2)w]('?) (3.i3) 
The characters of the W-indecomposable rank-3 representations read 

X[{'^li3)w]i(l) = 2 + ^4A;ch2fc+i,6(g) + ^8A;ch4fe+i,3-6((?) + X](8^-4)di4fc-i,3-fe(g) (3.14) 

km km keN 

and are seen to be independent of k. As we will discuss below, the dependence on k manifests itself in 
the distinct Jordan-cell and general embedding structures of ("^2^ 3)w different k, 6 G ^1,2. Likewise, 
the W-indecomposable rank-2 representations appearing in (j3.1ip have distinct embedding structures. 

We also have W-extended characters of the various subfactors of the W-indecomposable represen- 
tations 

Xo{q) = 1 

Mq) = ^{2k - l)chik-i,2{q) = ^(2A; - l)chi,6fc_2(^) 
km km 



2/^^(12fc-7)V24 _ ^(12fc+l)2/24 



Mq) = ^)^^4fc-i,i(9) = ^{2k - l)chi^Qk-i{q) 

km keN 



riiq) ^ 



2 /'^(12fc-5)V24 _ g(12fc-l)V24 



Xb{q) = ^'ik ch.ik+i,2{q) = ^2A;chi,6fc+i(g) 

km km 

= A_ yk{k + l) f gd^/^-l) V24 _ ^(m+7)V24\ 

Xiiq) = ^2A;ch4fc+i,i(g) = ^ 2A; chi^6fc+2(g) 

keN km 



1 y k(k + 1) f g(12fc+l)V24 _ ^(m+5)V24\ ^3^15) 
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= '^ik,li 
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Here we have used the notation Xa{q), where A is the conformal dimension of the corresponding 
representation, and some of the identities 

^4:k-l,2 
^4k-2,2 

(3.16) 

Similarly, written as Xa{q), the 8 independent characters in ()3.9p read 

X.{q) = j;(2A;-l)ch4fc„i,3(g) = Y.i'^k - l)ch,,,k-3iq) = 5](2fc - I)g3(4fc-3)V8 

^ fceN fceN '^^^'^ fcez 

XK,(g) = j;2A;ch4fc+i,3(g) = J] 2fc chi,6,(g) = ^ ^ 2A: ^^(^fc-DVs (3.17) 
fceN ifceN ^^'^'^ fcez 



and 



= j;(2fc-l)ch4,._2,2(g) = ^(2A;-l)ch2,6fc-2(g) = ^ j;(2A; - 1) <7(6fc-5)V6 

ken km kei. 

= j;(2A;-l)ch4fc_2,i(g) = 5;(2A;-l)ch2,6fc-i(g) = -L ^(2A; - 1) <^(6'=-4)V6 

= j;2A;ch4fc,2(g) = j;2fcch2,6fc+i(g) = -L^2A;gMV6 

= J]2fcch4fc,i((?) = ^2A;ch2,6fc+2(g) = ^ 2A: ^(e^-i)'/^ (3.18) 
fcGN fceN 



and 

*-^(«) = E(2^-l)^^4fc-2,3(9) = 5](2A;-l)ch2,6fc-3(g) = ^j;(2A;-l)g(6A^-6)V6 

km km kez 

X||(g) = 5]2A;ch4fc,3(g) = E2A:ch2,6fc(g) = ^ 2A; g(6fc-3)V6 (3.19) 

We beheve that the 5 characters in p.lSp and the 8 characters in p.l7p through (13.190 correspond 
to W-irreducible representations. This yields a total of 13 W-irreducible representations. In terms of 
these irreducible characters, we have the decompositions 

X[(7^i°)w](^) = X[{nl'^3)^]{q) = 2Xi((?) + 2x 10(g) 

8 8 

x[inl'l)^]{q) = x[(7e°;^)w]('?) = 2x5(9) + 2x^(g) (3.20) 



and 



and 



x[(7^^)w](9) = i + x[{nlj)^]iq) = 1 + 2x2(9) + 2x7(^7) 

xml''^)wM = i + x[{nl^%]{q) = i + 2xi(g) + 2x5(^7) 

X[i'Ki)wM = l + X[{n°,i)yv]{q) = l + 2Xi(g) + 2x7(^7) 

X[(<3)w](9) = l + X[{n%)^]iq) = 1 + 2X2(9) +2X5('7) (3.21) 



X[inl'')^]iq) = 2 + 4Xi(g)+ 4X2(9)+ 4X5(9) +4X7(g) (3.22) 
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The W- irreducible representations whose characters are given by (j3.15p are denoted below by (A)yy. 
Sometimes, we extend this practice to the W-irreducible representations ()3.9p as well. We refer to the 
finite Kac table in Figure [2] for a natural organization of the conformal weights of the 13 W-irreducible 
representations. 

Letting Xr,siQ) denote the character of the Kac representation (r, s) where r, s E N, we have 



fcGN fceN 
Xi{q) = ^k'^(xik-i,2{q) -Xik+idl)) = ^k'^Ui,6k-2{Q) -Xifik+2{q) 



keN keN 

Mq) = ^k'^(x4k^i,iiq) -Xik+i,i{q)) = ^k"^ (xi,6k-iiq) - Xifik+i{q)^ (3.23) 

A:6N keN 



^5(9) = '^Kk + ^)(xik+i,2{q) -X4(k+i)-i,2ii)) = '^Kk + 'i-)(xifik+i{q) -Xifi(k+i)-i{q)^ 

keN keN 

Xriq) = ^Kk + '^)(xik+i,i{l) -X4{k+i)-iAQ)) = '^Kk + 'i-)(xifik+2iq) -Xi^e{k+i)-2iQ)) 

keN keN 

Since the Kac representations appearing in (j3.9p and (j3.17p through (j3.19p are irreducible Virasoro 
representations themselves, we have 

X2{2k-2+K),s{q) = ch2(2fe-2+K),s(Q'); Xr,3(2fc-2+K) (?) = chr,3(2fc-2+K) (?) (3.24) 

and hence 

X2«,s(g) = Y.^2k-2 + K)X2(2k-2+K)A'i)^ XrMl) = ^(.'^k - 2 + K)Xr,3{2k-2+K){q) (3-25) 

keN keN 

3.2.1 Theta forms 

The characters of the 13 W-irreducible representations agree with those of [46j. In particular, they 
admit the expressions given there in terms of theta functions 

9e,k{q,z) = Yl ^^^'^''^ 1^1 < 1, zeC, keN, £eZ (3.26) 
and theta-constants 

men (3.27) 



(d \ ^ 



2 = 1 



Introducing the abbreviations 



Uq) = 9i,pAq), e',{q) = efl,{q), 9';{q) = efl,{q) (3.28) 
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s 



Q 
O 


7 


33 
8 








7 


5 


21 

8 








a 



10 
3 




35 
24 








5 


2 


5 
8 








4 


1 


1 
8 








CO 


1 

3 




1 

1 

24 


1 

3 


35 
24 




10 
3 


2 





1 
8 


1 


21 

8 


1 


5 


1 





5 

8 


2 


33 
8 




7 




1 




2 


3 


4 




5 



Figure 2: Finite part of the infinite Kac table of critical percolation. This part, which is relevant in 
the extended picture WCAi{2,3), corresponds to the bottom-left corner of the infinite Kac table of 
Figure 1. 



s 



1 10 
3' 3 


1 35 
24' 24 


1,5 


1 21 

8' 8 


(0)2,7 


5 33 
8' 8 



1 2 r 

Figure 3: Schematic finite Kac table, following [46j, of the 13 W- irreducible representations for critical 
percolation in the extended picture WC^A{2,3). 



11 



the theta forms are 



(Osp-rp'iq) - Osp+rp'{q)), rGZi,p_i, sGZiy_i, sp + rp' < pp' (3.29) 



{pp'Yri{q) yP+'P 
{sp + rp')^ 



+ 



sp+rp' 



%-rp'{q) - {sp + rp')e[p^^p,{q) + {sp - rp')d'^p_^p,{q) 
{sp — rp')'^ 



'sp—rp' 



rp'{q) 



s G Ziy (3.30) 



K,s{q) 



1 



pp'—sp—rp' 



M) 



{pp'Yrj{q) 
+ {sp - rp)e'pp,^^p_^p,{q) + 
{sp — rp'Y — {pp')"^ 



^pp'+sp—rp' 

{q) + {sp + rp')e'pp, 

—sp—rp' (q) 



{sp + rp')^ — {pp')'^ 



^pp'—sp—rp' 



■p'{q) 



^pp'+sp—rp' {q^ 



r G Zi^p, s G Ziy 



(3.31) 



where the Dedekind eta function is defined in ()2.4p . As the notation suggests, these are believed to 
be the theta forms relevant in the case of general p,p' [46j. It is noted that the theta form Xr,s{q) is 
identical to the well-known irreducible Virasoro character Xa,. s('J') = ch.r^s{q)- The precise relations 
between our W-irreducible characters and the theta forms for p = 2 and p' = 3 are 



Xo{q) = Xi,i{q) 



1, 



X2k,s{i) 



Xr,3n{q) 



X7{q) = Xi,i(g) 



(3.32) 



(3.33) 



The W-irreducible characters X2,3{q) and X4,3((7) = ^2,6 (^) are listed twice. A compact version of the 
Kac table in Figure [2] is given in Figure [31 

3.3 Embedding diagrams and Jordan-cell structures 

We conjecture that every W-indecomposable rank-2 representation has an embedding pattern of one 
of the types 



w 



(A.) 



w 



£{Ah,A^): {Ah) 



w 



(A.) 



w 



£{Ah,A^-Ac) : {Ah, 



(A.; 



w 



(Ac;vv 
(A.)w 



(A.; 



(3.34) 

where the horizontal arrows indicate the non-diagonal action of the Virasoro mode Lq- Specifically, we 
conjecture that the 14 W-indecomposable rank-2 representations (j3.2p enjoy the embedding patterns 



(''^2!l)>V 



(7^; 

{nr 



£{2,7;0), 
^(1,5;0), 



(^l'3)w 



3JW '^(1' 0)' 

~^(2,5;0), 



(7^iV~^(7,2), 
(7ei°)^~f(5,l), 
(7e?;^)^^f(7,i), 

(7^i^)H;~^(5,2) 



(7^, 



2i3)>V 



(^2!3)w 



4f) 
41' 



(7^l 
(7^l 



4i3)w 



0,2n 
2,6W 



2!6)w 



(3.35) 



12 



We can encode the Jordan-cell structure of a W-indecomposable rank-2 representation in its 
character by introducing the matrix 

J2 = (J J) (3.36) 
Its trace is simply Tt{J'2) = 2 but can be used to indicate the presence of Jordan cells of rank 2. By 

TT{J2){c\iT,s{q) + c\i^s'{q)) + 2chr",s"(Q) (3.37) 

we thus mean a sum of 6 irreducible characters where a Jordan cell of rank 2 is formed between every 
pair of matching states in the 2 modules labelled by r, s and between every pair of matching states in 
the 2 modules labelled by r' , s' while no state in the modules labelled by r", s" is part of a non-trivial 
Jordan cell. The characters of the W-indecomposable rank-2 representations then read 

X[{-R'2ls)wM = '^M{l-<^«,3}+2 5](2A: + l-Aj)ch4fc+3-2K,s(g) 

k&i 

+TV( J2) 5^(2fe - 2 + A€)ch4fc-3+2«,s('Z) 

km 

X[(^°i)w](9) = <^.,i{l-<5r,2}+2 J];(2A; + l-K)ch,,6fc+6-3K-6(g) 

km 

+Tt{J2) ^(2A: - 2 + K)ch,,6fc-6+3«+b('z) (3.38) 

km 

These refined character expressions demonstrate the inequivalence of the various representations despite 
the character identities (13. lip . The relations ()3.13p are valid for the refined characters as well, whereas 
the relations ()3.12p are not. We note that the refined character expressions contain enough information 
to distinguish between the different rank-2 representations. That is, the distinctions can be made 
by solely emphasizing the Jordan-cell structures without further reference to the complete embedding 
patterns. 

Similar refinements of the rank-3 characters are possible (see below) but not required to demon- 
strate inequivalence of the associated W-indecomposable rank-3 representations. Indeed, it suffices to 
focus on the presence of rank-3 Jordan cells to which end we introduce the matrix 



J3 = 1 1 (3.39) 




with trace Tr(j73) = 3. Ignoring Jordan cells of rank 2 all together, the 'semi-refined' characters of the 
W-indecomposable rank-3 representations then read 

^[(^2i3)w](9) = 2+4^/cch2fc+l,f,(g)+4^(2/c + l-K)ch4fe+3_2K,3-6(g) 

km km 

+ {Tr(J3) + 1} J^(2A; - 2 + K)ch4fe-3+2«,3-6(g) (3.40) 

km 

With K,b € ^1,2) these 4 semi-refined characters correspond to 4 distinct representations despite the 
character identities implicit in (I3.14p . 

We conclude this discussion of embedding patterns by conjecturing that the W-indecomposable 
rank-3 representations also have embedding structures described by the patterns in (13.34p . Specifically, 
we conjecture that 

(^2m)w ~ "^f (^LVfe)^' C^2(3-«:),b)w) ~ ((^i;L)w> (^?;3(3-k))w) (3-41) 
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where the W-irreducible representations {Ah)y^ and have been replaced by W-indecomposable 

rank-2 representations. It is noted that each of the 4 rank-3 representations is thus proposed to be 
viewable in two different ways. This corresponds to viewing it as an indecomposable 'vertical' combina- 
tion of 'horizontal' rank-2 representations ('7^^''')yy or as an indecomposable 'horizontal' combination of 
'vertical' rank-2 representations {Tl^''')y^. Converting the two rank-2 Jordan cells linked by a horizontal 
arrow into a rank-3 and a rank-1 Jordan cell, we finally arrive at the announced refined characters 



Tr{J2)Xo{Q) + {Tr(J3) + + 4X2(g) + 2Tr( J2)X5('7) + 2Tr(J2)X7(g) 

2XoiQ) + 2Tr(J2)Xi((7) + 2Tr(J2)X2(g) + {TriJs) + l}xM + ^Mq) 
Tr(J2)Xo(g) + 4Xi(g) + {Tr(J3) + ^Mq) + 2Tr( J2)X5('7) + 2Tr(J2)X7(g) 
2Xo(g) + 2Tr(J2)Xi((7) + 2Tr(J2)X2(g) + ^Mq) + {Tr(J3) + ^Mq) (3-42) 

here expressed explicitly in terms of the W-irreducible characters (j3.15p . 



X[(7^i^)n;]('Z) 



3.4 Summary of W-extended fusion algebra 

We denote the fusion product in the W-extended picture by <8> and reserve the symbol ® for the 
fusion product in the Virasoro picture. A summary of the fusion algebra of critical percolation in the 
W-extended picture W£A1(2,3) is given in the following. It is both associative and commutative. To 
compactify the results a bit, we introduce the following linear combinations 



-iO,b 



= 4C3 e 2C°'^ e 2C°'^ 



AC. 



2(7^2: 

1,0 „ 



)2Ci 



2{n 

®2C 



(3.43) 



and 



,0,6 



2(/^,3(3-6•/^'))w®2(7^°^ 



0,6 N 
3k' iW) 



V. 



1,6 
2k,3 



where it is recalled that (2, 6)yy = (4, 3)yy and where 



m ■ n 



(-1) 



m+n 



2(7^,^•° 



2(3-6-k),3^>V 



2(7^^''' 



2(6-k),3^W 



(3.44) 



(3.45) 



The fusion rules are listed in the tables in Figure [5] through Figure [9l They are easily combined to 
form a complete Cayley table as indicated in Figure HI 



(8) 


rank 1 


rank 2 


rank 3 


rank 1 
rank 2 
rank 3 


m 




% 

m 



Figure 4: Schematic Cayley table of the W-extended fusion algebra of critical percolation. Here Fj 
corresponds to the table given in Figure j while FJ" corresponds to the transpose thereof. By Uj (Lj) 
we mean the 'upper' ('lower') part of the table in Figure j while is the horizontal concatenation 

of the tables and 
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(2,l)w (4,l)w 


(2,2)^ (4,2)^ 


(l,3)w (l,6)w 


(2,3)^ (4,3)^ 


(2,l)w 
(4, l)w 


(^4jl)>V (^2,i)yv 


(''^2^2)w (^4|2)w 
(^4j2)>V (^2j2)w 


(2,3)w (4,3)^ 
(4,3)^ (2,3)^ 


(^2^3)w (''^4'3)w 
(^4^3)w (^2^3)w 


(2,2)^ 

(-1.2),, 


(^2^2)w (^4^2)>V 


(^2'l)w ® (^2^3)w (^4'l)w ® (^4'3)w 

(7^-),,.- in--),, (7^-),,.- (7.,-!),, 


(^2^3)w (^2^6)w 


(^2*3 )w (^4^3 )w 




(2,3)^ (4,3)^ 
(4,3)^ (2,3)^ 


(^2^3)w (^2'6)>V 
('^2',6^W (^2'3)w 


(i,3)^©(7e;;^)^ (i,6)we(7^;;^)w, 
{i,6)y,®{-R!l;l)w (i>3)w®(7j;;^)w 


(2> 3)y\; ffi ('^2^3)yy, (4, 3)y^, © (7^2^6)w 
(4, 3)yy ® (7?.2'g)yy (2, 3)yy © (7?.2'3)yy 


(2,3)^ 
(4,3)^ 


('^2,a)w (^4i3)w 
(^4^3)w (^2|3)w 


(^2^3)yv {^4^3)w 
(^4^3)w (^2^3)w 


(2,3)^©(7^'^;^)^ {4,3)^©{7^°;^)^ 
(4, 3)yy © (7^2|6)w (2) 3)yy © (7?-2^3)yy 


(''^2'3)w ® (^2^3)w (^4i3)w ® (''^4^3)w 
(^4i3)w ® (^4i3)w (^2i3)w ® (^2i3)w 



Figure 5: Cayley table of the fusions of W-indecomposable rank-1 representations with W-indecomposable rank-1 representations. 



(Si 


(2,l)w (4,l)w 


(2,2)^ (4,2)^ 


(l,3)w (l,6)w 


(2,3)^ (4,3)^ 


(^2'l)w 


Ci Ci 


C2 C2 

C2 C-2 


(^2'3)w (^4'3)w 


Cs Cs 


(^2'2)w 


C2 C2 
C2 C2 


Ci e C3 Ci e C3 
Ci e C3 Ci e C3 


(^2^3)>V (^4^3)w 
(^4'3)w (^2'3)w 


^0,1 cO,i 
CO,i cO'i 




C3 C3 
C3 C3 


^0,1 gO'l 


(^2^3)w ® (^2'3)w (^4^3)w ® (''^4^3)w 
(^4i3)w ® (''^4i3)w (^2i3)w ® (''^2j3)w 


C3 © C"'2 C3 ® C°'2 
C3 © Cg ® 




(^2^3)w ^'^2',6^W 
(^2^6)w (^2^3)w 


2(2,3)^e(7^°;^)w 2(4,3)^ ® (7^'^;^)^ 

2(4,3)^0(7^°;^)^ 2(2,3)^®(7^°;^)^ 


'^1,3 -^1,6 

~0,1 -0,1 
^1,6 ^1,3 






(^2^3)>V (^2'6)w 
(^2'6)w (^2^3)w 


2(4, 3)^ e inll)y^ 2(2, 3)^ e (14:1)^^ 
2(2, 3)^ e inl:e)yv 2(4, 3)^ e (7^^;3)w 


7,0,1 -0,1 
^1,6 ^1,3 

-0,1 -0,1 
^1,3 ^1,6 




(^2'3)w 
y'^2,6>W 


(^2^3)w (^4^3)w 
(^4'3)w (^2'3)w 


2(^2i3)w ® ('^2i3)w '^^'^4,3^W ® (^4i3)w 
2(^4'3)w ® ('^4|3)w 2(7^2i3)w ® (^2'3)w 


i^°2:l 


pl,l pl,l 

-1,1 -1,1 
■^^4,3 ■'^2,3 


y'^2,3lW 
(^2i6)w 


(^2^3)w (''^4^3)w 
(^4^3)w (^2j3)w 


2(^4^3)vV ® ('^2^3)w 2('H.2i3)w ® (^4!3)w 
2(''^2i3)w ® (^4i3)w 2(7^4|3)yy ® (^2i3)w 




^1,1 ^1,1 
■^4,3 -^2,3 

-1,1 -1,1 
■^2,3 ■'^4,3 


(^2^3 )w 

(^4,3) W 




2C3eco>2 2C3ec0'2 
2C3eco>2 2C3ec0'2 


-1,1 -1,1 

^2,3 ^4,3 

-1,1 -1,1 
^4,3 ^2,3 


2C3®2C°'i 2C3®2C°'i 
2C3®2C°'i 2C3®2C°'i 


(^2^3 )w 
(^4'3)w 


(^0,2 ^0,2 
(^0,2 ^0,2 


2C3eco>i 2C3ecO'i 

2C3eC0>i 2C3®C0'i 


-1,1 -1,1 
^4,3 ^2,3 

-1,1 -1,1 
^2,3 ^4,3 


2C3®2C°'i 2C3®2C°'i 
2C3®2C°'i 2C3®2C°'i 



Figure 6: Table of the fusions of W-indecomposable rank-1 representations with W-indecomposable rank-2 or rank-3 representations. 







V'^2,2/W >.'^4,2/W 


v'^2,3/W v'^4,3/W 


(^2'l)w 




^1,0 ^1,0 
'-'2 ''2 

^2 ^2 


^3 ^3 
'-'3 '-'3 


V^4,2^W 


^1,0 ^1,0 
^2 ^2 

^1,0 ^1,0 
^2 ^2 


^1,0 „ ^1,0 ^1,0 „ ^1,0 
^1,0 ^ ^1,0 pl,0 ^ ^1,0 

L/-i^ \i7 1-'3 t-']^ ^"3 




(^2^3)^ 


^1,0 ^1,0 

^^3 ^^3 

^1,0 ^1,0 
^^3 ''3 


/^l 1 /^l 1 


1^3 ti? ^-'3 ti? 
1^3 ti? ^-'3 ti/ 




(^2i3)w (^4'3)w 
'.'■'•4,3''W '.'^2,3^W 


2(^2j3)w ® (''^2^3)w •^(^4^3)w ® (^4j3)yV 
^v^4,3/W ^ V''>'4,3iw ^v'*'2,3^W ^ V^2,3-'W 


■^2,3 ^^4,3 

^1,1 ^1,1 
■'^4,3 ''^2,3 


(^li3)w 
/-I70,2x 


('^2|3)w (■'^4^3)w 
*.'^4,3/>V V'^2,3.'w 


2(^4^3)w ® {''^2i3)w •^(^2^3)w ® (^4j3)w 
'^\'^2,3)w ^ y'^4,3)w ^\'^4,3)yv * \'^2,3)w 


^1,1 „1,1 
■'^4,3 ^2,3 

■'^2,3 ^4,3 


(^2'3)w 


^0,1 cO'i 


2C3eC0'2 2C3®C°'^ 


2C3©2C°'i 2C3©2C°'i 

2C:, 2C" ^ 2C-i ' 2C"'i 


(^2'3)w 


q0,2 q0,2 


2C3ecO'i 2C3eco>i 

2C3©C"''^ 2C3®C"'^ 


2C3©2C°'i 2C3©2C°'i 
2C3 © 2C*''^ 2C3 © 2C°'^ 


(^4^3)w 




2C3''°®Ci'2 2C3i'°®Ci.2 


2C3'" e 2Ci'i 2C3'" e 2ci'i 

2C3'"©2Ci'i 2C3'"ffi2Ci'i 


(^2^3)^ 


^1,2 ^1-2 
^1,2 


2C3'°©Ci'i 2C3'°©Ci'i 
2C3'°©Ci'i 2C3'°©Ci'i 


2C3'°©2Ci'i 2C3'°©2Ci-i 
2C3'°©2Ci'i 2C3'°©2Ci'i 



Figure 7: First part of the table of the fusions of W-indecomposable rank-2 representations 
tations. 



with W-indecomposable rank-2 or rank-3 represen- 







\'^1,3)W \'^1,6)W 


V'^2,3/W l'^2,6/W 


>.'^2,3^W >.'^2,6/W 


V'''-4,1.'VV 


(^2i3)w ('^4i3)w 
v''-4,3/>V \''^2,3)w 


('^2'/3)w ('^4|3)w 

/,J-jl,2\ /q^l,2\ 

v''-4,3/W v'''-2,3^>V 


C0,1 cO'i 
/^O 1 /^O 1 


^0,2 (-70,2 
/->0 2 /-"O 2 


\''^4,2)yv 


2(^2^3)w ® (^2^3)w 2{^4^3)w ® (^4^3)w 
^VM,3''w ® v'''-4,3''w ^v'''-2,3/W ® l.'''-2,3/W 


^(^4'3)w ® (^2^3 )w 2(^2^3 )>V ® (^4^3 )w 
^V^2,3/W ® v'''-4,3^W ^v'<-4,3^>V ® V^2,3/W 


2C3 ® 2C3 ® 

2C3 © C"'^ 2C3 © C"'^ 


2C3©C0'i 2C3®C0'i 
2C3 © C"'^ 2C3 © C"''^ 


(^2'3)w 


^^2,3 ■'^4,3 
^^4,3 ■'^2,3 


-1,1 

^^4,3 ■'^2,3 
^-^2,3 ■'^4,3 


2C3 © 2C°'i 2C3 © 2C°'i 
2C3 © 2C°'^ 2C3 © 20"'^ 


2C3©2C°'i 2C3©2C°'i 
2C3 © 2C'''^ 2C3 © 2C'''^ 




^?;6®<3 <3®<6 
^1.3 ^1,6 -'^l.e '^1,3 


<'3®<'6 <'6®^i;3 

^1:6® ^1,3 ^i:3®^i;(i 


X'2'6 ® ^2'3 ■^2'3 ® ■^2,'6 

^2:3 ® ^2:6 ^2:6 ® ^2,3 


■'-^2,3 ^^2,6 ■'^2,6 '•^2,3 
^2,6 ® ^2,3 ^2:3 ® ^2,6 


(^li3)w 


^i'.'a ® ^"'e ^'1,6 ® ^1.3 

■'^l.e ■'^1,3 ■'^1,3 W i^l,6 


^"'(i ® T^i's T^'li ® ^ilc 

-7->0,l ^ -j-*0,2 T)'^'-'^ m T)*^'*^ 
^1,3 ■'^1,6 ^1,6 ■'^1,3 


^2:3 ® ^52:6 'T^'il ® »2:,3 

'^2,6 '^2,3 '^2,3 W ■'^2,6 


2^2,6 ® ^2,',? I'lJ.'a ® ^52,6 
2^2,3 ^2,& '^2,6 ^ '-^2,3 


(^2'3)w 


XJj'g ® ©j.S ■^2'3 ® ■^2,'6 

i'^ ;j 1 i'2.(i 2J. 1 ^ 2.:! 


■^2'3 ® ■^2'6 ■^2,6 ® ■^2'3 

2.1) '- 2.:! 2.:! ^ 2.1) 


^4'3 ® ■^2,'3 ■^2,'3 ® ■^4,3 

pi. 2 .pl.l pi. 2 


X'2'3 ® ■^4,3 ^4,'3 ® ■^2,'3 

,pl.l pi. 2 pl.l pi, 2 


(^2'3)w 
(^2'6)w 


X'2'3 ® ■^2,6 ■^2,'6 ® ^2,3 
'^2,6 ® ■^2'3 ■^2'3 ® "^216 


fj'g ffi f 2*3 ^2,3 ® ^2,6 
1^2,3 ® ^2,6 ^2,6 ® ■^2,'3 


X>2'3 © T'4'3 '2-'4'3 ® ^2'3 

^I's ® ■'-'2,'3 ■'-'2,'3 ® '^4'3 


^4,'3 ® ■^2,'3 ^2,'3 ® ■^4,'3 
^2'3 ® ■^4,'3 ■^4,'3 ® ■^2,'3 


(^2'3)w 
('^4i3)w 




X>2.'3 ® '^4,'3 ■'-'4,'3 ® -^2^3 
^4,3 ® ■^2,'3 -^2,3 ® '^4,3 


C'o CO 


C" C° 
CO C" 


(^2i3)w 
(^4i3)w 


^2,'3 ® ■^4,3 ■^4,'3 ® ■^2,3 
^4'3 ® ■^2,3 ■^2,'3 ® ^4,'3 


^i,3 ® ^2,'3 ■^2,3 ® ■^4,'3 
I'j's ffi I'4_'3 ^4,3 ® ■^2'3 


CO C° 
C° C° 


CO C° 
CO C" 



Figure 8: Second part of the table of the fusions of W-indecomposable rank-2 representations with W-indecomposable rank-2 or rank-3 repre- 
sentations. 





^'^2,3)^ i'^i.3)w 


(^2^3)w (^4]3)w 















Figure 9: Cayley table of the fusions of W-indecomposable rank-3 representations with W- 
indecomposable rank-3 representations. 

All entries of the Cayley table of the fusions of W-indecomposable rank-3 representations provided in 
Figure O are given by 

= m^2l)^v e mZ)yv ® 4(7e^;3)w © 4(7ei^)^ e 4(7e^;^)w © 4(7^i^),v (3-46) 

It is noted that the fusion algebra just listed does not contain an identity. We will discuss this further 
in Section m 

4 Lattice Realization of WCM{2, 3) 

In [H], we used the infinite series of logarithmic minimal lattice models CM.{l,p) to obtain W-extended 
fusion rules applicable in the extended pictures WC^A{\,p). A crucial ingredient was the construction 
of a W- invariant identity representation (1,1)^ defined as the infinite limit of a triple fusion of Virasoro- 
irreducible Kac representations in CM{\,p). On the other hand, as indicated above and further 
discussed in Section [5l there is no obvious natural candidate for an identity in the lattice realization 
of W£7W(2, 3). It nevertheless turns out fruitful to adopt the use of infinite limits of triple fusions of 
Virasoro- irreducible Kac representations. This also allows us to identify the various W-representations 
with suitable limits of Yang-Baxter integrable boundary conditions on the lattice. Firmly based on the 
lattice-realization of the fundamental fusion algebra of CM.{2, 3), our fusion prescription for >V£A^(2, 3) 
yields a commutative and associative fusion algebra. 



4.1 Horizontal component 

Working in the fundamental fusion algebra of critical percolation £A^(2, 3), as opposed to the less 
understood but larger full fusion algebra [341 I35j . the only horizontal Kac representations at our 
disposal are {(2A;, 1); A; € N}. It is noted that these are all Virasoro-irreducible representations. There 
are many possible triple fusions to consider of which the following one offers fairly straightforward 
access to the W-extended horizontal component 

Jim^(4n,l)®3 ^ 02A;(2A;,1) = 2^ 0(2A; - 1)(4A; - 2, 1)) 2^ 2A;(4A;, 1)) (4.1) 

km k&i km 

Indeed, we now assert that this limit corresponds to the following direct sum of four W-indecomposable 
representations 

2(2, 1)^0 2(4, 1)^ := lim(4n,l)®3 (4 2) 

n^oo 

whose decompositions in terms of Virasoro-irreducible representations read 

(2,l)i^ = 0(2A:-1)(4A:-2,1), (4, 1)^; = 02A;(4/c,l) (4.3) 

fceN km 
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(8) 


(2,l)w 


(4,l)w 




('^4il)w 


(2,l)w 


(^2il)w 


(^4!l)>V 




2^2 


(4,l)w 


('^4il)w 


(''^2!l)>V 


2A2 


2^2 






2^2 


2An 


2An 


('^4^1 )w 


2^2 


2^2 


2An 


2An 



Figure 10: Cayley table of the purely horizontal fusion algebra. 

Since the participating Virasoro representations all are of rank 1, the W-indecomposable representations 
(2, l)yy and (4, 1)^ themselves are of rank 1. 

Without going into details, this separation or disentanglement of the triple fusion into four W- 
indecomposable representations can be made manifest from the lattice by separating the set of link 
states accordingly. Since no non-trivial Jordan cells are formed between the representations on the 
right-hand side of (|4.1I) . selecting the link states associated to either (2,l)yy or (4, l)yy is a valid 
procedure. When non-trivial Jordan cells are involved, on the other hand, such a selection may affect 
the distribution and ranks of the cells and hence would not be valid. 

Having identified (2, 1)^ and (4, l)yy, we now define the W-indecomposable rank-2 representations 

(7^^;?)^ := (2, 1) ® (2, 1)^, {n\l)y, := (2, 1) ® (4, 1)^ (4.4) 

Their decompositions into Virasoro-indecomposable rank-2 representations are given in (13. 6p . Of impor- 
tance for the evaluation of fusion products below, we note that the W-indecomposable representations 
(14. 3p and (14. 4p have the stability properties 

(4n,l)^(2K,l)^ = 2n(7e5g_^)^,)w, (4n, 1) ® (7^^;°l)w = 4n(2, 1)^ 4n(4, 1)^ (4.5) 

and 

(2, 1) ^ (7^^;;)^ = (2, 1) ® (7el;?)w = 2(2,1)^0 2(4,1)^ (4.6) 

As we will see in the following, there are many more such properties, but this list suffices for now. 
From the lattice, we define the W-extended fusion product ® by 

{2(2, 1)^ 2(4, l)y,] {A)y, := lim (^)\^n, l)®^ ® (^) (4.7) 

and obtain the fusions given in Figure [TOl where 

A2 = (2,1)h;0(4,1)h;, An = (T^i?)^ (^i?)w (4-8) 

To appreciate this, we consider the two cases A = (2, 1) and A = (4, 1) and find 

{(2,1)^0(4,1)^)0(2,1)^ = i Jim (i-)'(4n, 1)^3 ^(2,1)^ 

= = ii- (^)(4n,l)C5{(2,l)^0(4,l)^} 

= (^2;?)w (^i?)w (4.9) 

and likewise 

{(2, 1)^0 (4,1)^}® (4, l)w = (7^2;?)w (7^4;?)w (4-10) 
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We are still faced with the task of disentangling these results since the identification of the individual 
fusions such as (2, l)yy (2, 1)^ is ambiguous at this point. However, since 

fe+fc'-i 

{Ak - 2,1) ®{Ak' -2,1) = 7^^;°_2 ^ (4.11) 

j=\k-k'\+l 

and with the Virasoro decomposition of (2, l)yy in (j4.3p in mind, it follows that the Virasoro decom- 
position of the fusion (2, 1)^ (g) (2, 1)^ only involves rank-2 representations of the form {T^\j-2i)w- 
Initially comparing this with ()4.9p and subsequently with (j4.10p . we conclude that 

(2,1)h;^(2,1)w = (4,1)h;®(4,1)h; = (7^y)w, (2,1)h;®(4,1)h; = (7^1;?)w (4.12) 

In order to complete the Cayley table in Figure [TOl we also need to evaluate fusions like 

(4, 1)^ ^ (7^^)^ = (2,1)0(4,1)^^(4,1)^ = (2,l)®(7^^)^ = 2(2,1)^0 2(4,1)^ (4.13) 
and 

(7^^;;)H;^(7^1;?)w = (2, i) ((4, i)^; ^ (7^^)w) = 2{v}^l)^®2{n'-^l)^ (4.i4) 

The remaining fusions follow similarly. 

Additional representations are obtained by fusing the ones above by the simple vertical (Virasoro- 
indecomposable) Kac representations (1,2) and (1,3). We thus define the rank-1 representations 

{2k,s)^:= (2k,1)w® (1,s) = 0(2A: - 2 + k)(2(2A: - 2 + k), s), s G Z2,3 (4.15) 

km 

and the rank-2 representations 

(^2f,Jw ■■= (^2m)w ® (1, = 0(2A: - 2 + ^)7^2(L-2+.),.' ' e Z2,3 (4.16) 

km 

Having ventured into the bulk part of the Kac table, we note the stability properties 

(2k,1)h;® (l,6n-3) = (2n- 1)(2k,3)w, (2k, 1)^; (1, 6n) = 2n(2(3 - k), 3)^ 

(^2M)w®(l,6n-3) = {2n-l){n^^l^)^, (7^^■°,)^ (1, 6n) = 2n(7^^g_^) 3)^; (4.17) 



4.2 Vertical component 

The vertical component is developed and described in much the same way as the horizontal component 
above. From the lattice, we choose to consider 

lim (l,6n-3)^3 = ffi(2fc - 1)(2A; - 1, 1) 

km 

= 3(0(2A; - 1)(1,6A: - 3)) 2( 2fc7^?;^,) (0(2fc - l)7^?;^,_3)(4.18) 

km km km 

Care has to be taken when disentangling this result in order to identify the W-extended representations 
involved. First, we observe that the conformal weights of the Virasoro representations in the first sum 
all have rational part 1/3 while the Virasoro representations in the second and third sums all have 
integer conformal weights. This allows us to separate the first sum from the other two and we have 

(l,3)w = 0(2A:-l)(l,6/c-3) (4.19) 

km 
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Now, fusing this with (1,3) gives 

(1, 3)h; ^ (1, 3) = 0(2/c - 1) ((1, 6A: - 3) (4.20) 

feGN 

Having separated (l,3)yy from this, we naturally identify the remaining part of the sum as the W- 
extended rank-2 representation 

(<3)w = ©(2A; - l)Kik-3 (4-21) 

fcGN 

The second sum in ()4.18p can now be isolated and is identified as the W-extended rank-2 representation 

iKi)w = (4.22) 

fceN 

We thus assert that the limit of the triple fusion in ()4.18p corresponds to the following sum of 6 
W-indecomposable representations 

3(l,3)^e2(7^?'^)^e(7^?•^)^ := lim (l,6n-3)®3 (4.23) 

' ' n — i-oo 

Here we emphasize a difference between the horizontal and vertical components. In the horizontal 
case, we could perform the disentanglement in (14. 2p explicitly from the lattice by choosing the set 
of link states appropriately. As already indicated in the discussion following (j4.2p and (j4.3p . this is 
not necessarily possible when non-trivial Jordan cells are present. One is faced with similar but more 
transparent complications in the Virasoro picture as well where the indecomposable rank-2 representa- 

2 

tions 'R'l'^f, cannot be constructed individually from the lattice but only in combination with the Kac 
representations (1,3A;). To illustrate this, let us consider 

(1,3)0(1,3) = (l,3)e7e?J X[Ki]iq) = XiM+XiM (4.24) 

The Kac representations (1, 1), (1,3) and (1,5) are constructed by allowing exactly 0, 2 or 4 defects, 
respectively, to propagate through the bulk of the lattice, while the fusion (1,3) ® (1,3) is evaluated 
by allowing 0, 2 or 4 defects to propagate through the bulk of the lattice. In the latter case, pairs 
of defects can be annihilated thus yielding a hlock-triangular matrix realization of the transfer fusion 
matrix. This block-triangularity may give rise to non-trivial Jordan cells as it does in the fusion 
(1, 3) ® (1, 3). With reference to (I4.24p . it is now tempting to regard the indecomposable representation 

2 

T^j^'g as the result of allowing or 4 defects to propagate through the bulk. Since defects could be 
annihilated in quadruples, this would indeed give rise to a block-triangular matrix. However, it turns 
out that no non-trivial Jordan cells are formed in this case implying that this choice of boundary 
condition simply corresponds to the direct sum of the two indecomposable rank-1 representations (1, 1) 
and (1,5). As already mentioned, this phenomenon carries over to the W-extended picture where the 
limiting process, though, obscures the clarity of the Virasoro example just discussed. 

To continue, we could apply the analysis based on ()4.18p above to the infinite limit of the triple 
fusion of (l,6n) with itself. Alternatively, we simply define the W-extended rank-2 representation 

{Kl)y,:= (1,3)h;0(1,2) = 0(2/c - 1)7^J^,_3 (4.25) 

and disentangle the fusions 

(<3)w®(l,2) = 2(02A;(1,6A:)) e(0(2A:-l)7^J^,_3) 

fcGN k&i 

(7^?;^)H;®(1,2) = 2(02A;(1,6A;)) e(02A:7^?;y (4.26) 

fcGN fceN 
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(l,3)w (l,6)yi; 




(''^li3)w ('^l!6)w 


(l,3)w 
(l,6)w 


^3 Ae 
Ae A3 


2B3 2B3 

2Be 2B6 


2^6 2i36 
2^3 2B3 




2B3 2Be 
2B3 2Be 


2A3 ® 2B3 2A3 © 2B3 
2A3 ® 2B3 2A3 © 2B3 


2A(i © 2i36 2Ag © 2^6 
2A © 2^6 2A © 2^6 


(''^li3)w 


2Be 2B3 
2Bg 2B3 


2A6 ® 2Be 2Aq © 2^6 
2A& © 2^6 2^6 © 2^6 


2^3 © 2B3 2A3 © 2^3 
2^3 © 2B3 2^3 © 2i33 



Figure 11: Cayley table of the purely vertical fusion algebra. 



to identify 

(1,6)^ = 02A:(1,6A:) (4.27) 

ken 

and subsequently 

(<6)w = 02fc7^?;^, (4.28) 

k&i 

We thus have the stability properties 

(<L)w®(l,2) = 2(l,3K.6)H;e(7e;|;V (4.29) 
with further stability properties reading 

(l,3K)H;^(l,6n-3) = (2n - 1){ (1, 3/^)^; © (^'jw} 

(<L)w®(l>6n-3) = 2(2n-l){(l,3(3-^-6))w©(<Ljw} (4-30) 
In accordance with horizontal fusion, we use 

{3(l,3)w©2(7^J^)H;®(7^;;^)w}^(^)w = lim (^)\l,Qn - ® {A)^ 

= lim (-^)'(l,6n-3)®3 0(^)^ (4.31) 

when evaluating vertical fusions of W-representations. With the abbreviations 

^3. = (1,3k)w©(<L)>v, ^3. = (1,3k),v®(^?:3(3-k))w (4.32) 

and in much the same way as for the horizontal component, this yields the fusion rules in Figure [TTl 
Further following the analysis of the horizontal component, we introduce the rank-1 representations 

(2,3k)h;:= (2, 1) (1, 3^)^; = 0(2A: - 2 + k)(2, 3(2/c - 2 + k)) (4.33) 

km 

As required by consistency of notation, the representation (2, 3)yy defined in (I4.15P must agree with 
this expression, and indeed it does since 

0(2A;-l)(4A;-2,3) = 0(2A; - 1)(2, 6A: - 3) (4.34) 

ken ken 



23 



It is likewise noted that 

(2,6)^ ^ (4,3)w (4.35) 



since 



02A;(2,6A:) = 02A:(4A:,3) (4.36) 
fceN ken 

We also introduce the rank-2 representations 

(<L)w := (2, 1) ® (<3Jw = 0(2fc - 2 + ^)Kj^2k-2+.) (4-37) 

ken 

4.3 Combination of the two components 

Our notation implies that 

A (5)vv oc {A)yy (g) B (4.38) 
Particularly useful such relations are part of the stability properties 



and 



(2,l)w( 
(4,l)w( 


8(1,3) 
8(1,3) 


= (2,3)n; = 
= (4,3)w = 


(2,1)« 
^(4,1) 


' (l,3)w 
® (l,3)w 


^(2,l)w^ 


8(1,6) 


= (2,6)n; = 


(2,1)« 


' (l>6)>v 


^(4,l)w^ 


8(1,6) 


= (2,3)n; = 


^(4,1) 


® (1,6)h; 


(2,l)w€ 
(4,l)>v€ 




= (^2|3)w = 
= i'^2fi)w = 


(2,1)0 
^(4,1)^ 


('^li3)>V 
^ (^l'3)w 


^(2,l)>v^ 
^(4,l)>v€ 




= i'^2fi)w = 
= (^2|3)w = 


(2,1)® 
5(4.1). 


^ ('^li6)w 



(4.39) 



(4.40) 

To illustrate the derivation of these, we assume ()4.39p when considering the first equality in the third 
line in (|440]) 

(2,l)w0 7^?;^ = (2, l)w 0(1, 6) 0(1, 2) = 2(2,1)0(1,6)h;0(1,2) = 2(2,1)0(11%)^ 

= 2(7^°;^)w (4.41) 

The W-indecomposable rank-3 representations can be defined by 

(7^2K,3)w:= (^2m)w0^?;3 (4-42) 

or equivalently through 

(^K3)w = (^i'jw = ^2>(<L)w (4.43) 
They have the stability properties 

(^2^3)^® (1,2) = 2(nltt,3)n>®i'^2ts')w (4.44) 
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To get started with the evaluation of combined fusions, we consider 

(2,l)^®{3(l,3)H;e2(7^J^)^e(7^?;^)^} = jim(^-^)'(2,i)^ 0(1,6^-3)^3 

= hm (-^)'(2,3)w0(l,6n-3)®2 = Hm (--^)'(2, 1)^ (1, 6n - 3)^^ ^ (i, 3) 

= (2,i)w0(i,3)®3 = (2,l)^®{3(l,3)e^27^?;^e7^?|} 

= 3(2,3)w©2(7e°;^)^©(7eg)^ (4.45) 

Since the multipHcities appearing in the decomposition of the fusion (2, l)yy (g) {3(1, 3)yy} must be 
divisible by 3, we find that 

(2,1)^^(1,3)^ = (2,3)i^ (4.46) 
Using a similar argument, we then deduce that 

(2,l)l^®(7^?;^)^ = inl'},)^ (4.47) 

and finally 

(2,l)l^^(7^;|)^ = (7e°J)H; (4.48) 

We subsequently find 

(2,l)^^(7e?;^)i^ = (2,l)i^^(l,3)w0(l,2) = (2,3)^0(1,2) = (7^°;^)l^ (4.49) 
and hence 

(2,1)^0(1,6)^ = i(2,l)^0{(7^?|)H;0(l,2)e(7^?;;;)^} = ^(7^J^)w ^ (i>2) e ^(7e°;J)H; 

= ^(2, 1) {2(1, 6)h; © (<3)w} © ^(<3)w 

= (4,3)w (4.50) 

The remaining fusions follow similarly or by simple applications of commutativity and associativity. 
Indeed, in our final example, we assume that all fusions but the ones between two rank-3 representations 
have been examined. Thus using commutativity, associativity and the fusion rules appearing in Figure 
[5] through Figure [HI we consider the fusion 

(^2;3)w©('^4;3)w = (^2;i)w^(^i;3)w®(^4;3)>V = ('^2;i)w«' {^4,3 ® ^2,3} 

= 4C3'° © 2Ci'^ © 2C^'2 (4.51) 

which is recognized as C^, cf. Figure O 

Self-consistency of our fusion prescription requires that the evaluation of a given fusion product 
based on (|4.2p must yield the same result as the evaluation of the same fusion product based on (j4.18p , 
when both methods are applicable. This can be verified explicitly and stems from the fact that the 
stability properties ()4.39p and (j4.40p ensure that 

nl^ (i)'^^"' ^^""^ ^ ® 2(7^?;^)^ © (7^? J^} 

= {2(2, 1)^ © 2(4, 1)^} {3(1, 3)h; © 2{n%)^ © (7^?;^)w} 
1 



lim 



2n 



-j {2(2,l)i^©2(4,l)^}0(l,6n-3)®=^ (4.52) 
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27{0,0) 


27(0,0) 


216(f,£') 
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Figure 12: Cayley table of the £, O fusion subalgebra. 
4.4 Fusion subalgebras 

It is noted that there are many fusion subalgebras. We have already encountered two of them, namely 
the horizontal and vertical fusion algebras whose Cayley tables are given in Figure [10] and Figure [TH 
respectively. A noteworthy six-dimensional fusion subalgebra is 

((^,1),(0,1),(1,^),(1,0)> = ((^,l),(O,l),(l,0,(l,O),(^,^),(O,O)> (4.53) 

It is generated by the four W-representations 

{£,l):= lim(4n,l)®3 = 2A2, {0,l) := J(2, 1)0(^,1) = An (4.54) 

where it is noted that lim„^oo(4n — 2, 1)®'^ = lim„_^oo(4n, 1)®^, and 

{l,£):= lim(l,6n)®3 = A © 2^6, (1,^):= lim (1, 6n - 3)^^ = ^^3 2^3 (4.55) 

n— >oo 

The remaining two representations are defined by 

{£,£):= {£,l)^{l,£) = (6-26)(7^J^JH; 

(0,0):= (0,1)®(1,0) = (3-6)(7^^f^3),^ (4.56) 

where ('7^2'3k)w = (2, 3K)yy, and are seen to arise also in the fusions 

(^,1)0(1,O) = {£,£), {0,1)®{1,£) = {0,0) (4.57) 

The Cayley table of the complete fusion subalgebra (14.530 is given in Figure [T2l A virtue of this fusion 
subalgebra is that it does not rely on any disentangling procedure. 

5 Discussion 

Two-dimensional critical percolation, with central charge c = 0, is viewed as the member CAi{2,3) of 
the infinite series of Yang-Baxter integrable logarithmic minimal models CA4{p,p') [8]. As in the ratio- 
nal case [H], the Yang-Baxter integrable boundary conditions give insight into the conformal boundary 
conditions [39] in the continuum scaling limit as well as the fusion of their associated representations. 
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This enabled us in [8] to construct integrable boundary conditions labelled by (r, s) and corresponding 
to so-called Kac representations with conformal weights in an infinitely extended Kac table (Figure [1]) . 
Moreover, from the lattice implementation of fusion, we obtained [34J the closed fusion algebra gener- 
ated by these Kac representations finding that indecomposable representations of ranks 1, 2 and 3 are 
generated by the fusion process. Although there is a countable infinity of representations, the ensuing 
fusion rules are quasi-rational in the sense of Nahm [50], that is, the fusion of any two representations 
decomposes into a finite sum of representations. This is the relevant picture in the case where the con- 
formal algebra is the Virasoro algebra. Of course, there is no claim, in the context of this logarithmic 
CFT, that the representations generated in this picture exhaust all of the representations associated 
with conformal boundary conditions. This picture is in stark contrast to the context of rational CFTs 
where all representations decompose into direct sums of a finite number of irreducible representations. 

In this paper, we have reconsidered critical percolation (or more precisely the CA4{2,3) lattice 
model) in the continuum scaling limit to expose its nature as a 'rational' logarithmic CFT with respect 
to the extended conformal algebra W = W2,3 [IS]. Under the extended symmetry, the infinity of 
Virasoro representations are reorganized into a finite number of W-representations. Following the 
approach of 03], we construct new solutions of the boundary Yang-Baxter equation which, in a suitable 
limit, correspond to these representations. Specifically, with respect to a suitably defined W-fusion, 
we find that the representation content of the ensuing closed fusion algebra is finite containing 26 W- 
indecomposable representations with 8 rank-1 representations, 14 rank-2 representations and 4 rank-3 
representations. We have also identified their associated W-extended characters which decompose as 
finite non-negative sums of 13 W-irreducible characters. Implementation of fusion on the lattice has 
allowed us to read off the fusion rules governing the fusion algebra of the 26 representations and to 
construct an explicit Cayley table. The closure of these representations among themselves under fusion 
is remarkable confirmation of the proposed extended symmetry. 

A somewhat surprising feature of our closed W-extended fusion algebra of WCM{2,3) is that 
there appears to be no natural identity Tyy expressed in terms of the fundamental Virasoro fusion 
algebra and with respect to the fusion multiplication (§). Since the Kac representation (1, 1) is the 
identity of the fundamental fusion algebra itself, it may be tempting to include it in the spectrum and 
identify it with Tyy. However, we have 

{2(2,1)^0 2(4, l)^}^Jw = lim (^)'(4n, l)®^ ^ (1, 1) = (5.1) 

demonstrating that this simple extension fails. We find it natural, though, to expect that one can 
extend our fusion algebra of yVCA4{2, 3) by working with the full Virasoro fusion algebra. We hope to 
discuss this and re-address the identity question elsewhere. 
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